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Structure of the stochastic layer of a perturbed resonant triad
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We have studied the interaction of capillary wave resonant triads with a gravity wave. The
isolated resonant triad is integrable but when perturbed by the longer wavelength gravity wave
the corresponding Hamiltonian dynamics becomes nonintegrable. We have derived the separatrix
mapping which well approximates the dynamics in the vicinity of the separatrix. With the help of
this mapping we analyze the structure of the stochastic layer of the driven resonant triad.

PACS number(s): 47.20.Ky, 47.52.+j, 05.45.+b, 47.10.+g

In many physical systems weak anharmonicities can
give rise to a variety of nonlinear interactions. Nonlin-
ear resonant interactions are particularly important in
Hamiltonian systems since they provide a mechanism for
energy transfer among modes belonging to given resonant
groups [1-3]. In the theory of nonlinear waves the lowest
order nonlinear resonant interaction may occur for three
waves with frequencies ©; (¢ = 1,2, 3) and corresponding
wave vectors k; which satisfy the following conditions:
Q; = Q2£Q3 and k; = ky k3. The waves which match
these conditions are often referred to as resonant triads.

Examples of three-wave interaction may be drawn from
quite diverse fields ranging from nonlinear optics, plasma
physics to stimulated Raman and Brillouin scattering
(see, e.g., [4] and references therein). In geophysical fluid
dynamics resonant triads can occur for three gravity-
capillary waves [5], three internal waves [6,7], and two
surface gravity waves coupled to a single internal wave
[8,9].

The criterion for the stability of such resonant triad in-
teractions was given by Hasselmann [10]. He showed that
the nonlinear coupling between two infinitesimal ampli-
tude waves and a finite amplitude wave in resonance is
unstable for the sum interaction and neutrally stable for
the difference interaction. Herein, we extend that anal-
ysis to determine the global stability of resonant triads
using Hamiltonian dynamical techniques. In particular,
we examine the breakup of Kolmogorov-Arnold-Moser
(KAM) tori present in the isolated triad and the forma-
tion of a stochastic layer due to external periodic pertur-
bations.

In this paper we discuss the transition to chaos in
a one-dimensional, time dependent Hamiltonian which
describes the dynamics of a resonant triad of three
short gravity-capillary waves riding atop a longer gravity
wave [11,12]: H = Hy — «j coswt, where the Hamilto-
nian Hy of the isolated triad may be written as Hy =

j(1 —7)(7 + 7*)siny. The harmonic perturbation in
the Hamiltonian H models the coupling between the
long wavelength gravity wave and the resonant triad. In
the linear approximation of this interaction, considered
herein, the gravity wave acts as an external driver and is
not influenced by the resonant triad. The dimensionless
wave action j and canonically conjugate phase ¥ may
be directly related to mode amplitudes via a sequence of
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canonical transformations, and the constant j* measures
the asymmetry in wave action between the two longer
waves in the triad.

The phase space portrait of an isolated triad shown in
Fig. 1, periodic in the variable ¢ with period 27, is made
up of cells of length m with alternating direction of rota-
tions. The geometry of this phase space is reminiscent of
that of two-dimensional Rayleigh-Bénard convection [13].
The small filled rectangles at the edges of the cells rep-
resent degenerate hyperbolic fixed points p¥ = (nm, £1).
The dashed lines in Fig. 1 denote the heteroclinic orbits
which connect the unstable hyperbolic fixed points and
form a separatrix. The vertical branches of the separa-
trix (connecting fixed points p;} and p;) delineate the
regions of phase space with different directions of rota-
tion. The separatrices enclose the stable elliptic fixed
points located at (nw/2,2/3), and these fixed points are
depicted in Fig. 1 by the filled circles.

The dynamics of the isolated triad is integrable. The
time evolution of the wave action j, important in subse-
quent discussion, may be written as [14]

() = js — (Js — j2)sn®[3V/is — st —to)], (1)
where sn is the Jacobi sine function and j;, j2, j3 are the
roots of the equation j2(1 — j) = E? arranged in the as-
cending order j; < j2 < j3. F is the dimensionless energy
of the unperturbed motion (|E| <= Eme. = 2/(3V3).
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FIG. 1. The phase space portrait of the isolated resonant
triad with 5© = 0. The filled circles and rectangles show the
position of the elliptic and hyperbolic fixed points, respec-
tively. The box shaped separatrix (dashed lines) delineates
the regions of phase space with different direction of motion.
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The period of rotation is given by
4K (m)

m = j3_j2 (2)
Vis—J1’ J3s—Jj1’

K (m) is the complete elliptic integral of the first kind
and m is its amplitude. For E = 0 the motion takes
place along the separatrix (m = 1, T = oc). For the
vertical heteroclinic orbit connecting the fixed points p;
and p;; (1) reduces to the following form:

Jse(t) = sechz[%(t —t0)]. (3)

When the resonant triad is affected by the harmonic
perturbation the stable and unstable manifolds associ-
ated with the hyperbolic fixed points transversely inter-
sect in the extended phase space. This intersection leads
to the destruction of the separatrix and the formation of
a stochastic layer. Note that any trajectory within the
chaotic layer is no longer confined to a particular cell but
in the course of time may migrate to other cells. The
occurrence of the transversal intersection may be explic-
itly shown by calculating the Melnikov function M(to)
(16,17,13] which is a measure of the distance between the
stable and unstable manifolds at a given instant. Here,
using the separatrix solution (3) for the resonant triad
we obtain

T =

M(to) = 'y/ sz cos(wt)dt =

4ymw? sin wty

(4)

dt sinh Tw

The formation of the heteroclinic tangle which follows
the transversal intersection takes place whenever M(to)
changes sign. This passage through zero is trivially guar-
anteed by the form of the above equation.

The regular and chaotic motion near the separatrix of
nonlinear systems may be studied with the help of the
separatriz or whisker mapping originally introduced by
Chirikov [1] to analyze the dynamics of the pendulum.
The derivation of this type of twist mapping for the reso-
nant triad is based upon the specific behavior of the wave
action j in unperturbed motion in the vicinity of the sep-
aratrix. In Fig. 2 we display the time evolution of j for a
typical trajectory close to the separatrix (|E| < Emaz)-
Interestingly enough, the width of the wave action pulses
for orbits with low absolute energies only weakly depends
on the energy and is well approximated by the period of
small oscillations Ty around the elliptic fixed points from
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FIG. 2. Time evolution of wave action j for a typical tra-
jectory in the neighborhood of the separatrix.
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Fig. 1. The spacing between the pulses is equal to the

period of motion T'(E) [cf. (2)]. This character of the dy-

namics of wave action j determines the response of the

resonant triad to small perturbations. The change in the

unperturbed energy of the triad induced by the gravity

wave is given by
dH,

—_— = H} =
dt {Hﬂv }

8H, 0V dj
—%9 v 'yd—‘i cos(wt). (5)
Thus as long as the perturbation does not destroy the
characteristic functional form of the wave action j(t) evo-
lution (cf. Fig. 2) the effect of the driving should be con-
fined to time intervals corresponding to the j peaks. This
prediction is verified in Fig. 3 where the change in the
unperturbed energy E(t)—E(0) is superimposed with the
evolution of the wave action. One can see that the rapid
variation of the energy within a given pulse is followed
by an interval during which the energy hardly changes.
Since the period T'(E) of the unperturbed motion di-
verges as E — 0, the closer a trajectory approaches the
separatrix the greater the spacing between the j peaks
and the longer the intervals during which the energy re-
mains approximately constant. This observation consti-
tutes the physical essence of the separatrix mapping.

The formal derivation of the whisker mapping involves
the calculation of the change in unperturbed energy AE
per period of motion in proximity to the separatrix. If we
assume that a j pulse is centered at time t,, then using
(5) we may write

tn+T/2 gi
AE, = 'y/ — cos(wt)dt
t dt

n=T/2
~ 'y/ d]d’tz cos[w(t + tn)]dt. (6)

Following the standard procedure [1,15] we approximate
AE, by evaluating the integral in (6) on the unperturbed
separatrix (cf. Fig. 1) rather than along the actual tra-
jectory. Consequently, the limits of integrations are ex-
tended to plus and minus infinity. Note that only the ver-
tical whiskers of the separatrix contribute to the above
integral. The motion on these vertical heteroclinic orbits
is parametrized in such a way that j,,(0) = 1 [which is
achieved by setting to in Eq. (3) equal to zero]. The ac-
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FIG. 3. Change in unperturbed energy AE = E(t) — E(0)
for a trajectory from the vicinity of the separatrix is superim-
posed with the evolution of the wave action j to show that the
effect of the external perturbation is determined by the char-
acter of the dynamics of the wave action (w = 2, v = 0.001).
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tual wave action pulse is peaked at time ¢, so that we
adjust the explicit time dependence of the perturbation in
the above equation to t+t,. One can see that the change
in unperturbed energy is given by the absolute value of
the Melnikov function M(t,) [cf. (4)] and since this func-
tion is dependent upon the phase of the perturbation it is
convenient to use this phase to measure time. The change
of phase between the successive j pulses n and n + 1 is
just wT'(Ep41) where Eny; = E, + AE, is the plateau
energy resulting from the nth kick [cf. Fig. 3]. In further
analysis we replace the period of unperturbed motion (2)
by the following formula valid for orbits in the vicinity of
the separatrix (m ~ 1): T(E) =~ 21n(8/F) (see [12] for
the complete derivation and a discussion of its validity).
Using this approximate period we may write the separa-
trix mapping for the resonant triad in the following form:

4ymw? sin ¢,

E. =F,
ntl + sinh Tw (7)
8
Pni1 = ¢n+2wln T (8)
n+1

In Fig. 4(a) we present a simplified image of the por-
tion of the phase space of the separatrix mapping with
w = 2 and v = 0.001. This figure reveals the formation
of a stochastic layer bounded by the parts of the phase
space where motion remains predominantly regular for
this strength of perturbation. The structure of the reg-
ular region is strongly influenced by the presence of the
prominent nonlinear resonance islands, known as KAM
islands.

FIG. 4. (a) Separatrix mapping corresponding to the per-
turbed resonant triad (w = 2, v = 0.001). (b) Magnification
of the stochastic region from (a). The filled vertical bar rep-
resents the estimated width of the chaotic layer.
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We have already mentioned that when a resonant triad
is perturbed the trajectories belonging to the stochastic
layer are no longer confined to a particular cell (cf. Fig.
1) but eventually wander into neighboring cells. We re-
fer to such trajectories or their phases 9 as traveling or
untrapped. The whisker mapping captures this feature
of the dynamics of the driven resonant triad. Any trajec-
tory launched from within the stochastic sea, enlarged in
Fig. 4(b), under the action of the map moves erratically,
occasionally crossing the line E = 0. This crossing, how-
ever, may be identified as a migration between adjacent
cells since the sign of the unperturbed energy alternates
between the cells.

The separatrix mapping also provides insight into the
origin of the stochasticity of a weakly perturbed resonant
triad. In the neighborhood of the elliptic fixed point
the period of motion is weakly energy dependent. On
the contrary, in the separatrix region the period of ro-
tation T diverges and consequently a small variation of
energy leads to a considerable change in the phase of
the corresponding mapping. If we measure the stretch-
ing of a small phase interval d¢ with the parameter
K = |6¢p+1/0¢n — 1] [15] then local instability occurs
when K > 1. Employing equations (7) and (8) we may
derive an approximation for the width of the stochastic
layer: |E| < 8w3yn/sinh(nw). In Fig. 4(b) the filled
vertical bar represents the width of the stochastic layer
calculated using this formula. While this estimate is usu-
ally good, it cannot take into account the effect of the
island chains or cantori immersed in the stochastic sea
on the transport properties of the map [18].

The question arises as to how accurately the whisker
mapping approximates the actual dynamics. Weiss and
Knobloch [19] in their studies of the mass transport and
mixing in modulated traveling waves found good agree-
ment between the statistical properties of chaotic tra-
jectories calculated with the help of the separatrix map
with those obtained by the explicit numerical integration
of Hamilton’s equations of motion. However, the most
direct assessment of the validity of the map is provided
by the comparison of its phase space structure with that
of the map determined numerically without invoking the
typical approximations involved in the derivation of the
separatrix map. Figure 5 shows an example of the latter
mapping constructed for the same parameters as those

FIG. 5. Analog of whisker mapping constructed numeri-
cally without the approximations involved in derivation of
the mapping [Egs. (7) and (8)]. The model parameters are
the same as those used in Fig. 4.
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used in Fig. 4. For each phase space point in Fig. 5 we
calculated the position ¢,, of the maximum of the wave
action pulse and the plateau energy established after the
perturbation kick associated with this pulse (cf. Fig. 3).
Comparing Figs. 4(a) and 5 we can see that for this
strength of perturbation the separatrix mapping well re-
produces the position and width of the major nonlinear
resonances and the stochastic layer. We emphasize that
apart from the model specific coefficients the functional
form of mapping [Egs. (7) and (8)] is generic, which is to
say that it describes motion in the vicinity of the sepa-
ratrix of a large class of previously investigated Hamilto-
nian systems [1,15,18,19] as well as nonlinear wave-wave
interactions studied herein.

In the future [12] we will apply the whisker map, de-
rived in this work, to the study of the transport proper-
ties of a field of capillary wave resonant triads interacting
with gravity waves. We will also discuss the influence of
dynamical chaos on the statistics of the short scale struc-
ture of the ocean surface wave field.
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